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Abstract
We suppose a convergent sequence of curved rods made from an isotropic
elastic material and clamped on the lower basis or on both bases, and the
linearized elasticity system posed on the sequence of the curved rods. We
study the asymptotic behaviour of the stress tensor and the solution to this
system, when the radius of the domains tends to zero. The curved rods with
a nonsmooth line of centroids are covered by the used asymptotic method as
well.
1 Introduction
The aim of this paper is to continue with the study of thin elastic curved rods
which started in Tiba, Vodak [8]. We suppose the sequence of smooth curved rods,
converging to a unit speed curve which has generally absolutely continuous regular
parametrization, with the radius . In the general case of a nonsmooth curve, we
introduce another small parameter 
r
associated to the approximating sequence of
the smooth curved rods. We derive an asymptotic one dimensional model for the
curved rod from the three dimensional linearized elasticity system posed on the
sequence of the smooth curved rods, and we show that the used asymptotic method
requires for the proof of the strong convergence of the stress tensors and the solutions






or the approximating sequence of the curved rods, which can aect
the form of the limit stress tensor as well.
The related results concerning with the asymptotic methods for isotropic or
anisotropic straight rods can be found in Aganovic, Tutek [1] and Murat, Sili [6],
respectively. The case of the smooth curved rods was studied in Jurak, Tambaca
[4], [5]. The construction of the approximating sequence of the smooth rods and
the relaxation of the regularity assumptions was done in Tiba, Vodak [8], where the
above mentioned one dimensional model was derived for the curved rods clamped
on both bases and H = 0. We refer also the reader to [2] for the related theory for
shells.
The paper is organized as follows: In Section 2, we establish the basic notation used
throughout the paper. The Section 3 contains auxiliary lemmas. In Section 4, we
introduce the linearized elasticity systems for the curved rods clamped on the lower
basis and on both bases, and we transform the models on a cylinder, which does not
depend on the parameter . Section 5 deals with the derivation of the asymptotic
one dimensional model and with the analysis of the asymptotic behaviour of the
displacements and the stress tensors. Section 6 contains a corrector result for the
stress tensor.
Our main results can be summarized in the following theorems and corollary:




is the parametrization of






































(0; l), generating the unique solution U




















































) and  are dened by the relations (4:8){(4:11) and (5:71){
(5:76).
Theorem 1.2 Let the assumptions of Theorem 1:1 be fullled and K = 0. Then the




















(0; l)), respectively, if one of the following conditions holds:



















, i = 1; 2; 3, are the components of the tangent vector t;

















































































j ! 0 for  ! 0, for all  2 (0; 1)




































































, p > 1.
In the cases 1:{4:, the form of the tensor  is given by the relations (5:71){(5:76).






















to the relations (5:71), (5:74) and (5:75).
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Without risk of confusion, we denote by the symbol j  j the Lebesgue measure of
some measurable set, absolute value of a scalar function and the norm in the three
dimensional Euclidean space R
3
. This norm is generated by the usual scalar product
(; ). We shall denote by h; i any ordered pair. The summation convention with
respect to repeated indices will be also used, if not otherwise explicitly stated.
We denote by S  R
2





































stand for the open cylinders (0; l)S and (0; l) S, respec-
tively, where l > 0 and  > 0 small, are given.
We use for constants the symbols C or C
i
, i 2 N
0
= f0; 1; 2; : : :g. We adopt the
usual notation for the function spaces and their norms, i.e. C
m
(O), with m 2 N
0
,
denotes the space of continuous functions, whose derivatives up to the order m are








(O), p 2 [1;1],








, respectively, and the symbols L
p
(0; l;X) and C([0; l];X), where X is



































(0; l) = fv 2 H
1




(0; l) = fv 2 H
1






























































Let C represent a unit speed curve in R
3
dened by its parametrization  : [0; l]!
R
3
. The local frame of this curve is formed by its tangent, normal and binormal









, for the smooth approximation of the curve C and its local frame t, n, b,
where the curves C

dened by its parametrization 

remain unit speed curves for














, we can derive the

























































































































































-dieomorphism, Ciarlet [2], Theorem 3.1-






















































function and its derivatives are dened. We suppose throughout this subsection

























, i; j = 1; 2; 3, we


























































































































































respectively. After substitution y = R








































where x 2 







)(x), x 2 







































































































We refer the reader to [8] for the more detailed derivation.
































































(0; l) : (V
0
; t) = 0
and V






































be the parametrization of the unit speed





local frame corresponding to the curve C, such that
jtj = jnj = jbj = 1; t?n?b a.e. in (0; l): (3.1)



































on [0; l] (3.2)


































































































































([0; l]) are determined by (2:2).
Corollary 3.2 [8] There exist constants C
j
, j = 4; 5; 6, such that the function d


















dened by (2:11), where 
i
, i = 1; 2; 3, are the components of












for all x 2 (0; l) @S and  2 (0; 1). In addition,
d













(x)! 1 in C((0; l) @S); (3.7)
for ! 0.
Remark 3.3 After a simple modication of the proof of Proposition 3.1 in [8] and






, which satisfy the
condition 2. or 3. from Theorem 1.2.






















t, n, b. Let, further, hV;  i 2 V
t;n;b
bb
(0; l) be an arbitrary but xed couple. Then

















































!  in L
p
(0; l); (3.8)





















































































holds for all V 2 V
bb
(
) and  2 (0; 1).





 (0; 1) and 
n





































! 0. Then the couple hU; i 2 V
t;n;b
bb
(0; l) (in the sense @
j
U = 0, j = 2; 3),





































which together with the function U satisfy the relations
(U
0
































a.e. on [0; l]: (3.17)


















, then the convergence
in (3:12) is strong as well.


















be a three-dimensional homogeneous isotropic elastic body with the Lame












(f0g  S). We consider






















































































































are the surface tractions










































































































stands for the symmetric part of the gradient of the function
e
V.


































































































































































































































; i; j = 1; 2; 3: (4.4)
Hence, together with the properties of the covariant and contravariant basis, we






































. We refer the reader to [8] for the detailed transformation






























































































, i = 1; 2; 3, are the components of the unit outward

















The symmetric tensor !










































































































are equal to zero.






























































for the curved rods clamped on both bases.
5 Proofs of Theorem 1.1 and 1.2
The proofs of Theorem 1.1 and 1.2 will be decomposed in this section to several
propositions, lemmas and corollaries.

































































































































































































































) in the sense of the trace. By the inequalities (3.11) and (5.1)
































according to Proposition 3.6 and Remark 3.7. To
simplify the notation, we will use further  instead of 
n
.
Now, we will study the properties of the tensor .





























where the tensor 
0



























































































) and from (5.5) and (5.6). 2

























































































































































































































, where V = vt, V = vn and V = vb for some function v 2 L
2
(0; l), we
deduce the relations (5.8){(5.10) in the same way as in the proof of Corollary 8.2 in
[8] for H
ij
= 0, i; j = 1; 2; 3. 2






























































) such that (V; t) = 0,







































































































































































































) and thus the convergence in (5.3)

















































































































































































(0; l). After the substitution (5.15) to (5.14) and using
(5.10) and (5.16), we get (5.11). 2





















































































































respectively, where (5:19){(5:20) are fullled on the whole interval (0; l).
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(S)), as a test function in the



































































 i, and (; )
2
means
the scalar product in the usual two dimensional Euclidean space R
2
. Substituting
(5.17) to (5.21){(5.22), we can check that this couple is a solution to the system
(5.21){(5.22). We refer the reader to [4] or [8] for the proof of uniqueness. 2






















































where p 2 H
1
(S) is the unique solution of the Neumann problem (5.18).
Lemma 5.5 Let the functions U

be the solutions of the problem (4:6) satisfying
(5:2) and (5:3). Then the limit couple hU; i 2 V
t;n;b
b
(0; l) obtained in Proposi-
tion 3:6 (see Remark 3:7) generates the function U



































































































































generated by any arbitrary
couple hV;  i 2 V
t;n;b
b


























































































































































































































































































































































































) = 0; i; j = 2; 3: (5.33)

























); i; j = 1; 2; 3: (5.34)
















These convergences and estimates together with (3.6), (3.7), (5.2), (5.3), (5.6) enable



























































































































































and hV;  i 2 V
t;n;b
b










(see (5.6)), we have after the substitution


























































































































































































































; t))] dx: (5.40)






















































where the functions p and p
H
are the unique solutions to the Neumann problems






























































































































; t) dx; (5.43)






























The relations (5.29){(5.34) enable us to express the second term from the right-hand


































































































Substituting (5.38){(5.47) to (5.37) we obtain (5.25). 2


















= 0 in (0; l): (5.48)
P r o o f: If we put V


































. If we putW = (W
1
; 0; 0),W = (0;W
2






























in (0; l); i = 1; 2; 3: (5.50)










. Then the relations (5.49) and (5.50) give (5.48). 2






















P r o o f: In the proof, we will write  instead of 
n



































According to Proposition 3.5 and Remark 3.7, there exists a constant C > 0 inde-
























































































































































































































, i.e (5.16) and (5.17), imply after their substitu-


















































































































































































































































































































































































































Using (5.48) we get, after the substitution of (5.56) to (5.54), that  = 0. 2






of the tensor . To nd their

















(S) can be also dened by
rd
2















means the symmetric part of the gradient of the function v. It
is easy to verify that rd
?
2




























holds for all v 2 rd
?
2













































































































































































































































































































), as a test function in the equation (5.61), we get that the right-
hand side in the equation (5.61) is nothing but the right-hand side in the equation
































































] dx = 0: (5.66)







































































































































)] dx = 0: (5.69)

















































































































































































































































































are the unique solutions to the problems (5:18),
(5:19){(5:20) and (5:61), respectively.
Remark 5.10 In Lemma 5.5 for W
P
= 0, we have proved that the asymptotic




















































































































(0; l) (see (2:12)). We refer the reader to Proposition 8.7 in [8] for the proof of
the uniqueness. Thus it is not necessary to pass to weak convergent subsequences in
(5.2) and (5.3), which are actually strong convergent according to Proposition 3.6,
Remark 3.7 and Lemma 5.7.
Now, we will concentrate our attention on the curved rods clamped on both bases.
Remark 5.11 In the case of the curved rods clamped on both bases, we can derive
in the same way the assertions of Proposition 5.1, Corollary 5.2, 5.3 and Lemma 5.4,
5.5, 5.8, and thus the asymptotic one-dimensional model has the form (5.77) for








and hV;  i 2 V
t;n;b
bb
(0; l). In what follows, we want to
express the function Q
0
from the relation (5.16) and thus to nd the form of the
tensor . We saw in the proof of Lemma 5.7 that this problem is connected via




























































































































P r o o f: We start with the proof of the rst part of the lemma. Analogously as in
the proof of Corollary 5.6, we can check the relation (5.50). Assuming the contrary,


















to zero on (0; l) and without loss of generality we can suppose that t
1
6= 0 on (0; l)
and thus the constant C
7
from (5:50) is not equal to zero. Thus the relation (5.50)



























































; j = 2; 3; (5.82)
which is a contradiction.








































on (0; l): (5.83)



























































































































































Now, we can repeat the proof of Lemma 5.7 and from (5.52), (5.54), (5.56) and

















































































= 0. Then the
identity (5.83) gives a contradiction. 2
Remark 5.13 In the proof of Lemma 5.12, we could see that the straightforward
way, which was possible in the proof of Corollary 5.6 for the curved rods clamped on
the lower basis, does not provide in general an analogous expression for the function
Q
0
as (5.48). Thus we infer that the form of the constant C
12
in (5.83) depends on
1. the properties of the function Q
0





















(see (2.1), (5.3) and (5.16));
2. the properties of the functions H
ii
, i = 1; 2; 3;








Hereafter, we concentrate our attention on two last cases, because it has no sense


























, i = 1; 2; 3, of the vectors t, n, b be























































































on (0; l); (5.89)







































































for ! 0: (5.92)
P r o o f:



























































































(0; l) for all  2 (0; 1).
The rest of the proof follows from (5.56) and (5.83).




























































Hence we can conclude using (5.86) that either the constant C
12
in (5.83) is










= 0. The rest follows from (5.83).
2






satisfy (3:2){(3:5) and the condition 2:





































, as a test function in






































(W) = 0 (5.98)
according to (4.8){(4.11) (compare with (5.29){(5.33)), we can rewrite the left-hand










































































































































































































































































































































, i; j = 1; 2; 3, if we have






. Using (5.99) and (5.103), we











































































































in (0; l) (5.108)
for i = 1; 2; 3, and both terms belong to L
2












































































































; i = 1; 2; 3: (5.109)



















































































































































































































































































































































































































































































































































































































! 0 for ! 0: (5.116)
















































* 0 in L
2
(0; l) (5.118)




















































































Hence and from (5.116), we conclude that C
12
= 0 and we can prove analogously












































































which need not converge to zero. Using (5.100), (5.102), (5.114){(5.115) and the






























































































































for  ! 0, because q 2 (0;
2
3
) and r 2 (0;
1
3
). We can estimate analogously the
other terms using (5.114){(5.115) and we nd that the only terms, which need not

























































Now, we show that this integral converges to zero as well. Multiplying the equation
(4.12) by 
2




























































, where W 2 H
1
bb




































































(V) = 0: (5.125)


















































































































































































































































































































































































) on (0; l); (5.133)
where all terms belong obviously to L
2
















































































































































Using (5.128) and (5.131), we can deduce analogously as in the estimate (5.120) that
the only terms, which need not converge to zero from the integral on the left-hand












































































































































holds because of q 2 (0;
2
3
) and the other terms from the last integral from (5.134)

























































j ! 0 (5.137)
for ! 0. 2
Corollary 5.16 From Lemma 5:14-1 and 5:15., it follows that the form of the func-
tion Q
0
depends on the choice of approximating local frames if the components of
the tangent vector t are constant functions.
Remark 5.17 The situation is simpler if we construct such approximating local





















for all  2 (0; 1), jI





(see the condition 3.






































































































)! 0 for ! 0







6 Approximation of the stress tensor
In this section, we prove Corollary 1.3. We know from the previous section that the
function U

generated by the couple hU; i 2 V
t;n;b
b
(0; l) is the unique solution to






















































(0; l) be the approximation of the function U from






























The verication of (6.3) is left to the reader, because it follows from Proposition 4.2















































































































































































































































































































































































) we can check (6.2) using Lemma 5.7, (5.71)-
(5.76), (6.1) and (6.3){(6.14). The same result is valid for the curved rods clamped
on both basis (see Lemma 5.12, 5.14, 5.15).
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